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D , Abstract 

Using world line fermions T™ = T!j? (r) valued in vector representation of 
SO (d, 4 — d) with d = 2, 3, 4, we develop a pure fermionic analog of Penrose twistor 
construction. First, we show that Fermi antisymmetry requiring (Y™J = can 
be solved by using twistor like variables. Then we study the corresponding dual 
twistor like field action and show that quantum spectrum exhibits naturally 4D 
J\f = 1 target space supersymmetry. Higher spin world line field solutions of the 
constraint (II™) 2 = 0, s € Z are also discussed. 
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1 Introduction 



During the few last years, a lot of developments has been made on twistor approach 
for describing AD M = 4 supersymmetric Yang-Mills and 10D superstring theories in 
complex projective superspace CP^ 3 ' 4 ' 1 [I]-[H], see also 0-110] for earlier related works. An 
important interest has been given to the study of twistor supersymmetric gauge theory 
and stringy extension [H]-^]- The key issue behind this revival of interest in Penrose 
model [IE]- [IE] is the proposal of [I] where it was shown that the supertwistor space 
(£p(3|4) j g a Calabi-Yau supermanifold |IH]-[2E] capturing naturally special properties 
of gauge theory correlation functions; in particular planar amplitudes of 4D J\f = 4 
supersymmetric U(iV) Yang-Mills theory, and exhibiting the good properties of a target 
space for topological string theory on Calabi-Yau threefolds [2H]- [35] - 

Motivated by recent results in this matter and particular aspects of the so called 
two-time physics [3^], we propose in this paper to set up the basis of a pure world line 
fermionic extension of standard Penrose model. Our construction is based on solving the 
nilpotency property (T m ) 2 = of the world line fermions T m = T m (r) by using a Pen- 
rose like method. Recall that twistor approach of Penrose is based, amongst others, on 
solving the condition (p m ) 2 = of a massless particle in 4D- space time. It happens that, 
besides the striking analogy between the solutions of (p m ) 2 = and (T m ) 2 = and their 
underlying twistor world line field formulations, we find moreover that fermionic twistor 
like space is a graded superspace capturing four dimension target space supersymmetry 
in a wonderful way. 

To derive our pure fermionic twistor like model, we shall mimick the standard 
twistor derivation of Penrose ^H] as reformulated in P . The main steps of this construc- 
tion can, roughly, be summarized as follows: 

(a) The usual real world line free massless field x^ (r) of standard Penrose twistor model 
is now replaced by a free world line fermion (r). Both of these world line fields are 
4-vectors of the real R( d,4_d ) space, d = 2,3,4, with isometry group SO (d, 4 — d) and 
diagonal metric rj mn with (d, 4 — d) signature. 

(b) The role of the conjugate momentum = f |f^& ) of the field x^ gets played by 

7r° = ^ sd'r* ) ' ^ ne fermionic conjugate momentum of T°. In these relations, Sbt = 
S [X",p2] and Sft = S [T£, tc^] stand for the world line field actions of the bosonic x^, 
p2 and the fermionic 7r^ fields respectively. 

(c) The role of the zero mass relation p 2 = of the free field bosonic theory is now played 
by the fermionic nilpotency property it 2 = of the fermionic field Notice that in 
our fermionic analog, there is a subtlety to announce. Besides Tr(7r 2 ) = 0, there are two 
more constraint eqs one has to deal with. They are given by Tr(T 2 ) = and Tr(7rT) = 



and it turns out that they are altogether captured by a local SP (2, R) gauge invariance 
to be discussed in section 4. 

The next step is to solve the constraint eqs using Penrose method and derive the dual 
twistor field action describing the fermionic fields. After that we study the quantization 
of this model and shows how AD target space supersymmetry follows. 

The presentation of this paper is as follows: In section 2, we develop a little 
bit our motivations and give preliminary results. In section 3, we consider superspace 
representations of world sheet n = (1,1) superalgebra and world line reductions. This 
super- invariance allows to make an idea on the basis of our construction and possible 
supersymmetric extension. In section 4, we give details on our fermionic twistor like 
analog. First we comment the standard Penrose construction for world line bosons. 
Then we build the pure fermionic model. In section 5, we solve the constraint eqs and 
derive the quantum fermionic twistor like field action. Section 6 is devoted to conclusion 
and discussions. 



2 Motivations and preliminary results 

To make a general idea on our pure fermionic analogue of Penrose twistor construc- 
tion and on the method we will use to handle it, let us start by recalling some useful 
features. We take also this opportunity to give preliminary results that will be developed 
later. 

Consider a free world line bosonic field, 

x m (r)~^(r), m = 0,1,2,3, a, A = 1,2 (2.1) 

moving inside the real four dimension space R d ' 4 ~ d with d — 2, 3, 4. The field action S B t 
describing the dynamics of the massless particle reads as, 




where p m is the conjugate momentum of the world line field x m and e = e (r) is the 
gauge field capturing the constraint eq fixing the mass squared p 2 = M 2 of the particle 

as, 

P 2 = V mn p m p n = 0. (2.3) 

To handle this equation, we rewrite the 4- component energy momentum vector p m like 
a hermitian 2x2 matrix, 

Pm ~ (Vmtpl (2.4) 

Here p^ is a bi-spinor of the SO (d, 4 — d) orthogonal group and the <7 m 's are the usual 
Pauli matrices satisfying the Clifford algebra. The diagonal metric r] mn of M d ' 4_d can be 



also expressed in terms of the product of the invariant spinor metrics e a p and e-g. Using 
dotted and undotted spinor indices, we can re-express functions involving the 4-vector 
p m in terms of 2 x 2 matrix pj?. For instance, the quadratic invariant p 2 is mapped to 
det (p?) which can be also rewritten as Tr (p 2 ) with, 

Tr(p 2 ) = c^pSpJe^ = pg.p* = p*.pg, 

^ = SI, e^e M = 4 (2.5) 



tape ' - "i, t ' - 

From classical view, p m = p m (r) is a world line field and the equation Tr (p 2 ) = admits 
a remarkable solution given by, 

pt = X a \a, a, a = 1,2, (2.6) 

where the world line fields X a = X a (r) and A^ = Aq (r) are SO (d, 4 — d) spinors with 
positive and negative chirality respectively. 

A a ~(^,oY Aa~(o±Y (2.7) 



x 2 / V 2, 

By computing the invariant square Tr (p 2 ) of the solution = X a Xa, we see that the 
vanishing condition, 

Tr (p 2 ) = A 2 .A 2 = 0, (2.8) 

is ensured by requiring 

A 2 = e aP X a X p , X 2 = £ & P\ & \fr (2.9) 

to vanish identically; i.e 

A 2 = and/or A 2 = 0. (2.10) 
This requirement is naturally fulfilled in twistor analysis. Notice that the vanishing 

~ 2 ~ 2 

property of the invariant squares of X a and A& (A =0 and A = 0) is due to the 
antisymmetry property of the dotted and undotted metrics e a/3 = — e^ a , e a p = —e$ a and 
because of the commutativity of the Penrose variables [To! ITH]-[H 1271 128]. 

A Q A /3 = A /3 A a , and 3^ = 3^. (2.11) 

However in looking carefully at this solution, one notes a set of remarkable properties 
indicating that Penrose representation for p^ = A^A^ is just a part of a general picture 
which should deserve more attention. Below we give three of them; they will be developed 
in much more details in forthcoming sections. 



2.1 p?: First member of a field family {II^ , s £ Z } 

First note that to solve the condition, 

A 2 .A 2 = 0, (2.12) 

2 ~ 2 

it is, a priori, enough to require A = whatever A is or inversely. But this is not 



,2 -'-~ 2 



exactly what happens since we have both A = and A = 0. A careful study shows that 
this degeneracy hides in fact a remarkable property which can be used to go beyond the 
standard Penrose twistor construction for bosons. In field theory, eq ()2.6|) can be viewed 
as just the leading relation of a family of "conformal spin" s world line field variables. 
A class of these fields is given by the two following infinite sets: 



TO = A a ( A. ) . , s = 0, ±2, ±4,..., (2.13) 
for world line bosons and by 

(n^ = A Q (C s ) , a = ±l, ±3, ±5,..., (2.14) 



for world line fermions. In these relations A Q is as before; but A S q and £ sd are new fields 
with even and odd conformal spins | respectively. As a first result we want to mention 
here is that, whatever the value of s, all these (IT'J^'s , s G Z, exhibit the property, 

Tr (nf ) = nxn: = o, (2.15) 



{2 ~ 2 
A A, s = 0, ±2, ±4,... 
A 2 .C S , s = ±l, ±3, ±5,... 
exactly as in eq ()2.6|) . Nilpotency of IT^.n^, the invariant square of (IT'J^'s is then mainly 
due to 

A 2 = 0, (2.17) 
since for the case of anticommuting £ a 's, the squares 

c.) 2 = <' W L,^ = \j* (Cs2 sP - c s pu) + 0, (2.18) 

are non zero. Note that for the world line bosonic subset, we also have 

A s ) 2 = 0. (2.19) 

and, in addition to p^ = A a Aoa, we shall also use the following typical world line fields 
for our QFT model building and its dual twistor like, 

n' ± \ = A*C ±i , K ±& = A*A ±±a . (2.20) 



Here ( ±dt and \±±a are respectively anticommuting and commuting world line fermions 
and bosons. Note moreover the following useful properties which can help to get an 
overview on a possible stringy extension: 

(a) In general, the above result is not only valid for quantum mechanics. These world 
line fields can be naturally promoted to world sheet field variables where irreducible 
representations of the SO (2, R) rotation group of the real surface (plane) are one di- 
mensional. The charges ±q carried by the fields are nothing but the conformal weights 
of 2D conformal invariance; see next subsection for technical details. 

(b) Along with the set (II^)° eqs fl2.13H2.14j) . we have a second family (Il")° where the 
world line spin is carried by the undotted SO (d, 4 — d) spinors of target space. This 
family is given by, 

(U'X = (KT Xa, 8 = 0, ±2, ±4,..., (2.21) 

for world line bosons and by 

TO • = (CX A 6 , s = ±l, ±3, ±5,..., (2.22) 

for world line fermions. The vanishing condition Tr (H" 2 ) = is mainly ensured by the 
property 

A 2 = A A A° = (2.23) 

for all values of s. 

(c) Both of the families U'^ and II"? are in fact two special subsets of the following 
general one, 

(II.)? = (f Sl ) a g S2 «, s = Sl + s 2 . (2.24) 

Here the condition Tr (U 2 ) = is not automatically fulfilled; it is solved whenever at 
least one of the two world line (sheet) fields f° and g S2 a is a boson. 

2.2 (r) as boundary fields 

The above world line field variables, which we denote generically as <fi = (r), may 
be given various geometric interpretations. For instance, they may be thought of as the 
boundary values, 

0(r) = <p(a-,o + ) \ dM (2.25) 

of world sheet fields <f)(a~,a + ) of a 2d quantum (conformal) field theory (QFT 2 ). Here 
cr ± = | (oq ± cti) are the variables parameterizing the Riemann surface M. with boundary 
dM. parameterized by r. In this view, the previous (r)'s are seen as the boundary 
values associated with the world sheet fields, 

n^ Q = IT^ (a-, a+) , H«. (r) = (a", a + ) \ dM , (2.26) 



and s gets interpreted as the conformal spin, i.e 

d d 



cr — — ; a 



da+ da~ 



U^(a) ~ sU^(a). (2.27) 



In section 3, we will give other examples by using reductions of world sheet n = (1, 1) 
superalgebra 1 with super symmetric covariant derivatives D + and D_, 

D% - (2.28) 



d, 



a- 



One of these examples is given by interpreting the world line variable r as the light cone 
coordinate, 

o + = - ((To + <ri) , (2.29) 

parameterizing a left moving closed string or equivalently like a~ = \ (do — <J\) for right 
moving. An other remarkable example, which we develop in present study, is given by 
the association of the r variable with an extra geometric dimension realizing the central 
charge 

Z ~ D + D_ + D-D+ (2.30) 
of the n = (1, 1) superalgebra; see also eqs (j3.1|) to fix the ideas. More precisely we have, 

Before going into technical details, let us say few words about these tools and where they 
will be used. This brings us to our next result. 

2.3 A pure fermionic model 

Part of this paper will be dealing with the derivation of a new pure fermionic twistor 
like model. Instead of the massless particle described by the world line field (t) and its 
conjugate momentum pj? (r) with Tr (p 2 ) = 0, we consider rather the world line fermions, 

T a +a = T a +a (r) , = T% (r) , (2.32) 

together with their conjugate momenta 

= vr^ (r) , ^ • = n a _ a (r) . (2.33) 

Obviously this can be viewed as the simplest case one may consider. Nevertheless, 
extensions involving much more fields is straightforward and it turns out that they lead 



-'^As a convention of notations, we use the letter n to refer to number of supercharges of world line 
(sheet) supersymmetry. Capital letter M is deserved for target space supersymmetry. 



to extended target space supersymmetry. We sail not study this issue in this paper; 
comments will given in the conclusion and discussion section. 
We also have the twistor like splitting, 

Ta \oi/- _<i _ \ a q 

+a — A S+d) n -a — ^aUi 

r% = C+A«, ^ = CA«- (2.34) 

where X a and A« are the usual Penrose variable and (± and ( ±6l are anticommuting world 
line fermions, 

C-aC : +(, + (+(,( -a = 0, (2.35) 

Lc^+gu = o, 

and similar relations for undotted world line spinors. As it is known, the conjugate 
momenta 77°^ for fermions can be also imagined as just e a pe ^T^. By substituting the 
expressions of T"^ and •n a _ 6i back into eqs ()2.35|) . one finds that they satisfy as well the 
same anticommutation relations as the £'s, 

■yet 'y/3 I ■v , /3 ■y-a r\ 

vr^T^ + = 0, (2.36) 

Similar relations are also valid for T and II. By taking the trace of these relations and 
their tildes, we obtain the following 

Tr (T 2 + ) = 0, Tr (x 2 ) = 

Tr (vri) = 0, Tr pri) = (2.37) 
Tr(vr_T + ) = 0, Tr(V_f+)=0. 

they are nothing but the field property Tr (T±) = and partners derived in sub-section 
2.1. The pure fermionic world line field action describing the dynamics of these fields is 
given, 



,7T, T,7T 



r/rTr ( 7r° ■ — T d 4- 7r a ■ — T d 



/ drTr [ V __ (Tl) + (vr 2 _) + (vr_T + )] (2.38) 
Jr 

I drTr (f 2 + ) +^ ++ p 2 _) +^ + _ (i_T_ 



where ^ ±± , and rj±±, rj + _ are auxiliary world line gauge fields capturing the three 
constraint eqs ()2.37j) . We will see later; in particular for the case of real world line 
fermions, that these field constraints are captured by a SP (2, R) x SP (2, R) gauge 
symmetry. 



2.4 World line (sheet) &; target space supersymmetries 

In above field action, one notes that the solution ()2.34j) of the constraint eqs ()2.37j) . 
which can be defined also as, 

^ = 0, ^ = 0, r,s = ± (2.39) 
6r} rs dr) rs 

involves two kinds of world line field pairs: (i) the world line bosons 

A a , A*, (2.40) 

and (ii) the fermionic partners 

C C +A - (2-41) 
If supplementing these twistor like variables by their conjugate momenta namely 

/A £d, C-, C-«, (2-42) 

one sees that these fields altogether form world line supersymmetric multiplets as shown 
below, 

(A a ,C+), (*«,?+«), (/AC), (/*a,C-a)- (2-43) 

This property shows that the field action (|2.38|) can be made supersymmetric. In this 
subsection, we first give preliminary results on world line (sheet) extensions of our model. 
Then we give the link between the pure fermionic model and target space supersymmetry. 

2.4.1 World line supersymmetry 

In standard Penrose construction, one uses the world line twistor field variables, 

X a = \ a (r) , f = M * (r) , (2.44) 

together with their compagnons with opposite SO (d, 4 — d) chiralities, d = 2, 3, 4, 

Jl a = Ji a (r) , K = K (r) ■ (2.45) 

As the intrinsic properties of these spinors depends on the value of d, the structure of the 
underlying QFTs is sensitive to these features. For the target space M^ 2 ' 2 -* for instance, 
the homogeneity group SO (2, 2, R) is locally isomorphic SL (2, R) x SL (2, R) and the 
above component field spinors are basically real; a specific property making the M^ 2,2 -' 
analysis a little bit subtle. However, for the spaces IK^ 1 ' 3 ) and M 4 , the corresponding 
rotation groups SO (1, 3, R) and SO (4, R) are respectively isomorphic to SL (2, C) and 
SU (2, C) x SU (2, C) and the fundamental spinors are complex. For the example of the 



SL (2, C) case, the sector with fi a and A„ eq ()2.45|) is just the complex conjugate of fi a 
and A Q , i.e, 

r = W, Xa = (A 5 )- (2-46) 

This complex nature of the twistor variables plays a crucial role in the algebraic geometry 
analysis of twistor space where holomorphic and antiholomorphic sectors factorise. 
In general, the field \i a = ss ~ (resp. Jl = / a s T a ) is the conjugate momentum of A Q 
(resp. A„), 

%,//) =5i (2.47) 



TPS 

where {/, g} TPB stands for Poisson bracket in twistor space. To make contact with 
]j( d . 4 - d ) geometry, A" and fx a should be compared with the usual phase space variables, 

x m ~ xl (r) , Vm~V% (r) (2.48) 

with {x m ,p n } MPB = 5™ being the Poisson bracket. 

In the twistor like fermions we are considering here, we have, 

C +a = C +& (r) , C=C (r) , (2.49) 

with = / 5 ~ T \ and where Spr is the field action of the twistor like variables. We 
also have 



where now {/+, g_} TGPS is the graded Poisson bracket in twistor space. These fermionic 
variables and should be thought of as the twistor dual to the world line fermions 
in 4- vector of SO (d, 4 - d) , 

T™ ~ T%(r), vr„ m ~vr^(r) 

T™ ~ T^(r), 5r_ m ~ tt^ (r) (2.51) 

If forgetting for a while about the world line variable r, one remarks that the combination 
of eqs (|2.48M2.51|) describe pairs \x, T + ,T + j and (p, 7r_,7r_), which can be viewed as 
world line supermultiplets, 

(x m ,T™,T™), (p m ,vr_ m ,^ m ), m = 0,l,2,3. (2.52) 

A similar conclusion may be done regarding the supermultiplets built out of twistor like 
variables X a , ( +£t , and their partners involving the spinors with opposite chirality. 

Using the representations, 

Pm ~ V% = A a A A , 
vr_ m ~ n° & = £M, (2-53) 

7T- m ~ 7r_ A = A C-a, 



it is not difficult to check that world line supersymmetric transformations, 



5Pc 



(2.54) 



translate as well to the twistor like space. By substitution, we get Sp? = (SX a ) X a + 
X a (SX a ) which should be identified with (e+C-) ^d + X a [e + C_ A ). Thus we have, 



5X C 

s(° 



e+C, 
dX a 



5Xr 



dXf 



dr 



(2.55) 



The pure fermionic construction to be developed in this paper may be then viewed as a 
sub-sector of the odd part of a super-world line extension of Penrose model. 



2.4.2 World sheet supersymmetry 

Following the view given by eq (|2.25|) . the above super- world line field model can 
embedded in turn in world sheet n — (1, 1) supersymmetric field theory with target space 
j£(d,4-d)_ ^here, g ener i c fields are functions of the world sheet variables a = (a^,a + ). 
The field variables, 



a£ = x?(a), T a ±a = Tl a (a) 
Pi = Pt{°), tt^ttSUM 



Pa \?) , 

and the corresponding twistor like variables, 



(2.56) 
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= x a 
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C±d = C±a (f 




= 







(2.57) 



form world sheet supermultiplets. We also have the following graded Poisson brackets, 
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\ = SIS (a 
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[ = Si8 {a 





(2.58) 



and all remaining others are zero. Typical world sheet supersymmetric transformations 
are given by, 

5 £ ? a ±a (a) ~ e T d ±± xl{a). (2.59) 

e T are the parameters of the n = (1, 1) superalgebra to be studied in next section. Similar 
transformations may be written down for [p% (cr) , 7r° A (cr)) and the corresponding twistor 
like ones. 



2.4.3 Target space supersymmetry 



The result we give here is that the quantum spectrum of the pure fermionic with 



field action Sp 



,7T, T,7T 



eqs ()2.38p has 4D target space supersymmetry. To derive 
AD M = 1 target space supersymmetry, consider the following particular twistor like 
fermionic world line field action, 



•>FT 



dT [fl a d T \ a -Cdr( + a 

dr n a d T \ h ~ <LcAC- 



(2.60) 

This action has a set of symmetries to be studied in section 5 and lead to M = 1 
supersymmetric quantum spectrum in target space coordinated by {A Q ,/i a }. Eq ()2.60|) 
involves two world line fermions and [i a together with their conjugate momenta; more 
world line spinors leads to 4D target space extended supersymmetry. 
Target space supersymmetry is obtained by quantizing the system. This is achieved by 
promoting the graded Poisson brackets the phase space variables, 



5 P 



GPB 



GPB 



GPB 



'ft- 



(2.61) 



into graded canonical commutation relations. 



Aq,, [l 

7 . 



& 



13 



(U-ft 



rev 



(2.62) 



Here [ ( ]_ and [ , ], (to avoid confusion with graded Poisson bracket { , } GPB ) stand 
for commutator and anticommutator respectively. Then solve these relations like 



In this representation, the conjugate momenta are then given by differential operators 
which act on the wave functions $ living on a graded space as shown below, 



$ = $(A°, » & \ C + , e). (2.64) 

Since C+ and £° are fermions, the waves $ can be thought of as superfields on the 
superspace R( d ' 4 ~ d l 4 ); and moreover can be expanded as usual into a finite series of 
power of C- and These superfields define just off shell representations of the four 
dimensional M = 1 supersymmetry, 

{D +Q ,D«} = 2 Ft 
[P*D + J = [P*D*] =0. (2.65) 

In twistor like variables, this superalgebra can be realized as, 



D-a = ^«+^*^«, (2-66) 
P° = X a ^- + ^ ^ 



To fix the ideas, let us focus on K^ 1 ' 3 ' 4 ) superspace and give the example of AD M = 1 
chiral multiplet; similar analysis can be done for gauge multiplet. In this case, A„ = A„, 
C + = C+ and eq ()2.65|) has a chiral representation. The superfield <£> has no dependence 
in £° and its expansion reads as follows, 

vl/ (A, /i| C+) = <\> (A, ,1) + 0_„ (A, ft) + ClF- (A, . (2.67) 

The component fields (<j),ip a ,F ) are nothing but the scalar multiplet of four dimen- 
sional M = 1 superalgebra ()2.65|) . For other supersymmetric representations and explicit 
details for the target spaces R( d,4_d ), d = 2,3,4, see section 5 and eqs (|5. 5715. 5815. 59]) . 



3 Embedding world line models in 2D superalgebra 

Because of geometric interpretation purpose and for later use, we start this section 
by discussing briefly the general superspace realization of the world sheet n = (1, 1) 
supersymmetric algebra. Then we consider particular cases associated with some special 
subsymmetries of this Z 2 graded algebra. This helps us to derive the symmetry properties 
of the world line fields of the twistor like fermion model. 



Roughly, the n = (1,1) superalgebra lives on Riemann surfaces M. (string world 
sheet) and can, roughly, be defined on a local chart of M. as, 

{D + ,D + } = -2a<9 ++ , 

{D_,D_} = -2b<9__ 

{D ± ,D T } = -2cZ (3.1) 

[d±±,Q±] = [d ±± ,Z] = [Z,Q ± } = 0, 

In these relations, the D±'s are the usual supersymmetric covariant derivatives of the 
superalgebra and Z is its unique central charge. The latter is ignored in almost all simple 
applications; but in a complete analysis it should be taken into account as plays a crucial 
role in the analysis of BPS states and non perturbative dynamics. The extra parameters 
a, b and c are real numbers used as a trick to recover particular limits. Note in passing 
that for the case of n = (1,1) superalgebra, these extra parameters should be non zero 
and can be taken as 

a = b = c = l. (3.2) 

Below we want to consider as well particular cases associated with some special limits 
which are captured by the singular values of these parameters. Of particular interest is 
the set of cases encoded collectively by the solution of the relation, 

abc = 0. (3.3) 

Representations involving these cases are related to world line supersymmetric represen- 
tations and boundary conformal field theory. Let us give below some details. 

3.1 Superspace realization 

Using standard results on supersymmetric field theories, it is not difficult to see that 
the superspace representation of the above superalgebra is given by the following, 

d 

D+ = <9+ - a0_<9 ++ - c0 + — , 

D_ = <9_ -b0+<9__ -c0_^- (3.4) 

<y<? 

These are superspace differential operators acting on superfields 

$ = $(<7,?,0) (3.5) 
living on the (3|2) dimensional real superspace M^ 3 ' 2 ^ with supercoordinates, 

Z= (a+,a~,q | 0+0") (3.6) 



The parameters a + , a ,q are commuting variables (C- numbers) and 6 I± ~ 9 T are Ma- 
jorana Grassmann coordinates fulfilling 

{0±,9 T } = 0, {d T ,9 ± } = l 

[<r±,6 ± \ = 0, [q,9 ± } = 0. (3.7) 

Note that q is an extra real variable realizing the charge Z as a translation operator in 
same way as do a T for energy momentum vector V±±. The latters are realized as space 
time translations d±±. Typical hermitian superfields $ s (<J,q, 9^ have the following 9- 
expansion, 

$ s (a, q, 0±) = 0>, q) + i9^ s+1 {a, q) + iO , q) + i9_9 + D s (a, q). (3.8) 

For the special case s — 0, the scalar superfield $ contains two real bosonic fields, <f> and 
D and two Majorana fermions ip±. We also have the expansions, 

D + $ = - &9_d ++ (p + 9 + (iD - c^j + i9_9 + (^^r ~ ^d ++ ip_ 

D_$ = itp_ - b0+d— - 9- (iD + c^-j - i9_9 + (z^r - b<9__V + J , (3.9) 

which can be used to build the supersymmetric component field action, see also eq ()3.18|) . 
Note that we have used, 

(i0_0 + ) f = i9_9+ (3.10) 

By making appropriate choices of the parameters a, b and c in eq ()3.4|) . one distinguishes 
several cases to recover world line supersymmetry. Besides the case where _D_ and D + 
and d , <9 ++ , are identified to D and j|, i.e 



^9 d 



°4 



0, (3.11) 



we have moreover the three following word line like sub-super algebras of eqs ()3.1|) : 
(i) Case a = c = 0, b^0 

This particular case corresponds to the so called (0, 1) heterotic supersymmetry generated 
by {D-, d — }, i.e 

{D + ,D + } = 0, 

{£>_,£>_} = -2b<9__ (3.12) 
{D + ,D_} = 

and can be realized on the (right moving) world line superspace R^ 1 ) parameterized by 
[a~\6~). We have 

D + = d+, D_ = d_- b# + <9__, (3.13) 



with B\ = 0. 

(ii) Case b = c = 0, a^O 

This situation corresponds to (1,0) heterotic supersymmetry 

{D + ,D + } = -2zd ++ , (3.14) 

generated by D + and d ++ and is realized on a (left moving) world line superspace M^ 1 ' 1 - 1 
as well. The structure of the supersymmetric field theory based on this case is analogous 
to the previous one. 

(iii) Case a = b = 0, c^O 

In this situation, there is no "light cone" energy momentum, 

V ++ = V- = 0, (3.15) 

but we do have a non zero central charge contribution. The corresponding world line 
super algebra 

{D + ,D + } = 0, 

{D_,D_} = (3.16) 
{D ± ,D T } = -2cZ. 

This special sub-superalgebra of (|3.1|) generated by {D±,Z} and is realized on a world 
line superspace IR^ 1 ' 2 ) parameterized by (<j | 9 + ,9~^ as follows, 

D + = d + -c6 + ^-, 

D_ = d_-c6_^- (3.17) 
Here there is no dependence in variables. 



3.2 Superfield action 

According to which kind of the above sub-symmetries one is interested in, we can 
write down various world line type supersymmetric field actions. These superfield models 
should, a priori, be also derived by starting from the following parent superspace action 

S~ I d 2 adqd 2 9 

7R(3|2) 

Then make appropriate reductions as outlined above by keeping track with the imple- 
mentation of the constraint eqs to reconstitue missing parts in kinetic terms of (1, 0) and 



(3.18) 



(0, 1) heterotic models. In eg ()3.18|) . is the superpotential; in general given by a 

polynom in $; but here we shall consider a free field theory and so we can ignore it. 

Putting the expansion ()3.8j) back into this superfield action, we get after inte- 
grating out the Grassmann variables 9± the following component fields action 



S 



d 2 odq 



ab 



c 2 (dct>y i 2 

+ 2 {£) -2° 2 



+ 



+ 



d 2 adq 
d 2 adq 



%l)_d ++ i)_ - ^if>+d— V>_ 



(3.19) 



where we have exhibited the dependence in the a, b and c moduli. Note that for the 
particular case where 

a = b = 0, c = 1 (3.20) 
the above action reduces, roughly, to the following world line one, 

2 



s 



reduced 



1 fdcp 

2 \!k 



1 



-D 2 



+ / dq 











(3.21) 



where now 4> = 4>is) an d 1 P± = i J ± (<»)• Note also that as expected, the auxiliary field D 
is non dynamical and so can be eliminated through its equation of motion, an operation 
once done leads to an on-shell supersymmetric field action. 

Furthermore letting the supercharges act on the superfield $, we can immediately 
get the infinitesimal supersymmetric transformations, 



5(j) ~ ie_ip + + ie + ip_ 



ds 



5ip_ ~ ibe + d <p — £- [iD — c 



(3.22) 



SD ~ e_ 



dip_ 

ie + I c— b<9 ip. 



Oq J \ as 

With these tools at hand, we turn now to the main objectif of the present study. 



4 Fermionic like model 



First we consider the pure bosonic case where the role of the generic field will be 
played by the target space time coordinates x m and their conjugate momenta p m . Then, 



we study the derivation of the pure fermionic analog of the Penrose twistor model. In 
this case, the role of world line fermions ip± is played by the four components world line 
field T±. 

4.1 Standard twistor model: Review and comments 

Roughly, twistor target space formalism allows an alternative description of the dy- 
namics of a free massless bosonic particle with 4- energy momentum vector p m satisfying 
the usual massless condition r\ mn p m p n = with f] mn the (inverse) metric of the real 
K.(d,4-d) space. As r\ mn may have three possible configuration in one to one with the 
values 

d = 0, 1, 2, (4.1) 

we will discuss a special example namely the case of Minkowski space MS 1 ' 3 ^. But the 
formalism we will give can be also done for the two other cases: R 4 and IK^ 2 ' 2 ' 1 . To derive 
the twistor gauge model from the usual Minkowski space formulation, we have to proceed 
in steps. The key idea can be summarized as follows: 

4.1.1 bi-spinors 

The first step consists on using 5*0(1,3) ~ SL(2,C) isomorphism to express 4- 
vectors of M (1 - 3) in terms of SL(2, C) spinors. Instead of phase space coordinates x m and 
p m , which can be also written as (|, |) bi-spinors, twistor formalism uses rather 




spinor fields as fundamental field variables. Before going through technical details, note 
first the following useful features: 

(i) Given two spinors A" and Af , a, /? = 1,2, of positive chirality, 




we define the following SL(2, C) invariant 

Ai-A 2 = e^A^Af, e a/ 3 = —ep a (4.4) 

Similarly, given two spinors A^i and Xh 2 of negative chirality transforming in (0, |) 
representation, we can build a second SL(2, C) invariant using dotted variables, 

AlA 2 = e^A^V, (i^) = Cjta . (4.5) 

For the S0(3, 1) case, eqs (|4.4|) and (|4.5|) are related by usual complex conjugation ((A Q ) = 
Xa and so on); but in the general SO(p, q) case (p + q = 4), one has to implement 



moreover the special properties of the corresponding spinors. 

(ii) Using SL(2, C) spinors, energy momentum vector p m may be represented line in 
eq (j2.4|) . In bi-spinor notations, we have 



Note that the correspondence 



Pk = >?*b- (4.6) 



(A, A) 



is not a one to one; since the gauge change 

X a — ► e ie X a 

H — » e "% ( 4 - 7 ) 

with 9 £ R, leaves eq (|4.fi|) invariant. This symmetry will play a crucial role in the Penrose 
twistor model. 

4.1.2 Twistor gauge theory 

In the second step we introduce Penrose variables (A a ,/i Q ) parameterizing the pro- 
jective twistor space PT = CP 3 . Their complex conjugates (jl a , A„) parameterize the 
anti-holomorphic sector. The coordinates (A a ,//*) are commuting phase space variables 
taken in the fundamental representations of the SL (4, C) twistor group. The isodoublet 
X a is as before while 

5 (d T Xa) 

is the conjugate momentum of A^ with St W i S tor being the twistor field action to be given 
later on. Quantum mechanically, the variable pP gets promoted to an operator satis- 
fying the canonical commutation relation, 

A«,//]=^ (4.9) 

and may be defined as, 

Ai* = ~. (4.10) 

We will turn later to the implication of these quantum equations, for the moment note 
that in the classical setting, the geometric points of the real 4D Minkowski space-time 
are associated with the so-called incidence relation, 



= ix%X^ JZ a = iXpxi, (xf) = a*, (4.11) 



describing a line in the spinor space with "slope" (x^j. These eqs may be also viewed 
as the solution of the twistor constraint eq, 

X & H & - \ a ]I a = 0, (4.12) 

describing a helicity zero massless particle. To see this property, it is interesting to 
denote collectively the twistor variables as 

Z*= (A a ,/i a ), (4.13) 

with index a = a, a and projective symmetry as 

Z a — ► Z a/ = e id Z a (4.14) 

Rising and lowering index a can be done by help of the metric 

S ab = ( ° ^ ) , S ab S bc = 51. (4.15) 

\ £af3 J 

For instance, we have 

Z a = S ab Z b = (n^Xa). (4.16) 
Note that the twistor variable Z a and its complex conjugate 

(Z^ = Z a =(-JI a ,K) (4.17) 

are respectively in 4 and 4 representations of the non compact group SU(2, 2, C) ~ 
SO(4, 2,31). The latter is the conformal symmetry of the massless (spinless) relativistic 
particle in 4D space-time and appears as a hidden invariance in the underlying Minkowski 
space lagrangian density. Notice moreover that using eqs (j4.11|) . the following SU(2, 2) 
invariant 

Z a Z a = - \ a -p a (4.18) 

vanishes identically 

Z a Z a = (4.19) 

This constraint eq, which will be derived rigorously later on, can be checked directly by 
substituting directly fM a and ~p, a by their expressions (pTTTJ) . We have = i (A^fA^) 
which compensates exactly ~p a \ a = i ^A^x^A^j. 

To derive eq (|4.19|) . we have to identify first the twistor field action S tW i S tor — 
S\Z,~Z\. By solving fj, a = ss ^tor e q (14.91) and its complex conjugate and using eqs (l4.13l) . 
it is not difficult to see that the manifestly SU(2,2) invariant S tW i S tor reads as follows, 

"- d ' 

(4.20) 



Stwistor \Z,~Z\ — — J dr 



z * l lh za 



To check that this relation is indeed the field action of a massless particle of Minkowski 
space, we first replace Z a and Z a by A's and /i's in Z a i-^Z a . This operation leads to 
(\aid T fj J a — ~p a id T \ a ) . Then use incidence relation (I4.11|) to put the action in the form 
/ dr (A^Aq.) (d T x%) which is nothing but 

Suinkowski = J dr (p^drX 11 ) , (4.21) 

the usual Minkowski space action of a free massless particle. 

Moreover using eq ()4.20|) and requiring gauge invariance under local projective sym- 
metry (j4.14j) . the gauge invariant twistor action becomes 



S tmstor [Z, Z,V]=- J dr {ZJ (d T - iV) Z* - 2hV] 



(4.22) 



where V is a gauge field and h is a Fayet-Iliopoulous (FI) like coupling constant; it is 
just the helicity of the spinning particle. By eliminating the gauge field V through its 
equation of motion 

SS twist0 r [V] = ^ ^ 4 23) 

5V 

we rediscover the classical constraint eq ()4.18j) Z a Z & = 2h which we prefer to rewrite 
it as follows, 

J2(Z*Z a + Z a Z a ) =Ah (4.24) 

A 

and from which one recognizes eq (j4.18j) once h is set to zero. 

We end this overview and comments on Penrose twistor gauge theory by say- 
ing few words about quantum mechanics. In covariant canonical quantization of above 
twistor model, the twistor variable Z a (the conjugate momentum of Z a ) gets replaced by 
— -^k- As such the twistor space wave functions ^(Z) — (Z \ \&) are then holomorphic 
and homogeneous functions of degree (— 2h — 2). 

V(e ld Z) = e- l{2h+2)e ^(Z). (4.25) 

This homogeneity feature follows from the quantum promotion of the constraint eq ()4.24|) 
which gets then replaced by, 

Z^^(Z) = (-2h - 2)*(Z) (4.26) 
We turn now to build our fermionic model. 



4.2 Fermionic construction 



This pure fermionic construction is important for the derivation of fermionic twistor 
like theory to be developed in next section. The field model we study here deals with 



the dynamics of world line fermions transforming as well in the 4- dimension space time 
and can be viewed as: 

(i) the fermionic analog of eqs (|2.2p4.21jl dual to twistor construction a la Penrose. 

(ii) the fermionic sector of a supersymmetric gauge theory along the lines outlined in 
section 2. 

Instead of the world line field bosons (r) and (r) considered above, our pure 
fermionic model involves the following ingredients: 

(1) Degrees of freedom: The model involves the world line fermions 

T^(r), T%(t), T*,(t), T*,(t) (4.27) 

(see eqs (l2.34|) to fix the ideas). These fields carries two kinds of indices: (a) An index (±) 
exhibiting the statistics of and T^; they are world line fermions. (b) dotted and 
undotted indices (a, a = 1,2) showing that the fields transform as 4- vectors (bi-spinors) 
in one of the three possible R( d > 4_d ) spaces, 

Though stringy applications suggest to consider R^ 1 ' 3 ), it is also interesting to consider 
also the M (2>2) and R 4 cases. Below, we shall mainly focus our attention here on the case 
]]$(2.2) because of specific properties; in particular because of the two following: 
(i) In and R 4 with rotation groups SO (1,3,R) ~ SL (2, C) and SO (4, R) ~ 

SU(2) x SU (2) respectively, (|,0) and (0, ±) spinors are complex, 



and the underlying twistor space PT splits into holomorphic and antiholomorphic sectors 
interchanged under complex conjugation, 

1,0) <— ( 0, i ) (4.30) 



.2' J V'2, 
This complex structure is rich from algebraic geometry view and stringy applications, in 
particular in topological string on conifold. 

(ii) In M (2 ' 2) the rotation group is given by SO (2, 2, R) ~ SL (2, R) x SL (2, R) and basic 
spinors are real. In this case, it is possible to drop out half of the degrees of freedom by 
keeping for instance just 

Ti p ~ X™, (4.31) 

in eqs dOHD - 

Note also that since (T±) = (T±, T±, T^, T±, ) are fermions, the square of each 
component Y™ vanishes individually, 

(T™) 2 = 0, m = 0,l,2,3. (4.32) 



Moreover since the metric r) mn is diagonal we also have 



Vmn 1 ± 1 ± ~ € e a0 1 -a 1 



0. 



(4.33) 



Similar relations may be written down for TI 
(2) Field action: The pure fermionic field action Sp describing the dynamics of the 
free fields and T" a is given by, see also eq (j3.21j) . 
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(4.34) 



Note in passing that, under some hypothesis on chirality, the second line may dropped 
out. Note also that comparing Sf , which can be also written as 



S F [T ± ,d T T ± ] 



d:T 



Q, 



+ / dr 



d 



~ d ~ 



with its Bose analog eq (j4.21|) . one learns the naive correspondence, 



(4.35) 



Vra 



tji / yn 
1 +' 1 + 

T_ m , T_ 



(4.36) 



(3) The conjugate momentum variables n_ & and tt_ 



5S f 



5S f 



5 (err*,) ' 

By using the above expression of Sp, we get 



7T 



5 9T 



(4.37) 



71 _ 



a/3 . >y/3 
fc fc a/3 1 -/3' 



tt: 



o/3 . y/3 
e e <i/3 1 -/3- 



(4.38) 



This relation shows that the fermionic fields T^, and T_^, are conjugate to 
each other. So to avoid confusions, it is interesting to re-parameterize the above fermionic 
field action as follows: 



,7T,T,7T 



(4.39) 



Note also because of the fermionic nature of the vr^^'s and like for eq ()4.33|) . we have here 
also the nilpotency property 



Tr (vr 2 _) = n a _ . rrt a = 0, Tr (n 2 _) 



(4.40) 



Since the pairs ^+ /3 , ^-dj an d {^-^^ ^-d) P^ a y quite similar role, we shall fix our 
attention on one of them, say ft-a J with field action 

Sf [T, tt] = jf drTr (tt^T*,) , (4.41) 

then give the results for fT^,7f" A J whenever needed. 

4.2.1 Basic symmetries 

In the case of M^ 2 ' 2 ^ geometry, the field action Sp has the following remarkable and 
manifest symmetries: 

(1) SO (2, 2, E) ~ SL (2, R) x (2, R) global invariance. 

(2) Invariance under the real scaling transformation 



-a 



7r« d — > e-V^. (4.42) 

with a global real parameter v G JR.. It captures the spin of the world line fields and has 
also a world sheet interpretation in string theory. 

Moreover promoting this symmetry to a local one, that is v = v (r) or equivalently, 

dv 

Tr * 0, (4.43) 
then gauge invariance requires that the above field action ()4.41|) should be extended as, 



S FG [T+, 7T_, A] ~ y rfrTr 71"^^ ^ - ArT J T 



(4.44) 



where ^4 = A (r) is the gauge field associated with the above real scaling invariance. In 
this relation, T is the generator of the scaling symmetry (J4.42)) and acts on the fields 
T + and 7r_ like: 

[To, Tt] = 4 T +- [ T 0' ^-d = ~\^ a - (4-45) 
The meaning of this gauge invariance can be made transparent by noting that the gauge 
field A T do not propagate and so it is an auxiliary field. Eliminating it through its 
equation of motion 

fff^ (4 ' 46) 

we get the following constraint eq, 

Tr (tt^T*,) = 0. (4.47) 

But this equation is a familiar QFT relation; it captures the antisymmetry property of 
Fermi like fields as it can be seen by using the cyclic property of trace, Tr (7r" & T" a + T" a 7r" & ) 
0. 



Theorem 1 

In pure fermionic phase space with canonical coordinate fields T" a C^+ a ) an< ^ conju- 
gate momenta 7r" & the free field action Sfg (Sfg ) has a local SP (2, M) gauge 
invariance capturing the three Fermi field antisymmetry properties 

Tr(vr^Tt) = 

(*-«*-«) = (4.48) 
Tr(T^Tt) = 0. 

These are just the constraint relations derived above; see eqs j{4-33l4-40li4-4^\ )- Similar 
relations are also valid for ■ and n 

J +P 



-a ' 



4.2.2 More on SP(2,M) gauge invariance 

Before giving the SP (2, M) gauge invariant field action, we begin by recalling some 
useful tools on the real group SP (2, M) and some aspects of its representations. Its 

Lie algebra sp (2, M) is three dimensional with generators T ,Tq and T ++ satisfying the 

commutation relations, 

[T — , T ++ ] = 2T , 
[T ,T ++ ] = T ++ , (4.49) 
[T ,T__] = -T__, 

where A = 2T is the operator counting the charges of SP (2,R) field representations. 
In particular we have, 

[A, T ±± ] = ±2T ±± , [A, T*J = +T%, [A, tt°J = -vr^. (4.50) 

There are different ways to realize this real symmetry; one of these ways is given by the 
following left moving wold sheet differential operators, 

T - = ^< T « = ^ T — +2 ^ < 4 ' 51 > 

from which one can read immediately their scaling behaviours under global the transfor- 
mations a + ► e 2v a + , 

T'__ = e- 2v T__, Tq' = T , T' ++ = e 2v T ++ . (4.52) 



The Tq -t±'s can be also realized as 2 x 2 matrices when acting on two component vectors 
This is the case which interests us here. The 2-vector is given by (T + , 7r_) and the T 0j ±± 



matrices act as, 



[T ++ , T_ 
[T__,T_ 



7T_ 



1 

•-7T_ 

2 



(4.53) 



We come now to derive the general expression of the classical field action Sfg [T + , 7r_, B] 
extending eq ()4.44|) and recovering the constraint eqs ()4.48|) . This action has an SP (2, R) 
gauge invariance and reads as, 







S FG [T+, tt_, B] ~ J dr \ Tr 
where now the gauge field B T is valued in the sp (2, R) algebra, i.e 

B T = B Tfi T + B Ti __T ++ + £ r , ++ T__. 



(4.54) 



(4.55) 



Eq ()4.54)l can be put into a more condensed form by using the SP (2, M) spinor P = e lJ Tj 



with i = +, — , 



1; that is 



7T_ 



-T_ 



7T_ 



We have 



5 FG [r,i3]~ / dr[-Ti 



d_ 

' ' "Jh 



(4.56) 



(4.57) 



From which one can re-express the constraint eqs (|4.48j) using the world line V fields. 
Similar results are valid for the twild sector T and B. 



5 Twistor like dual 

To build the twistor representation dual to the above the pure fermionic model, we 
proceed as in bosonic case. Below, we summarize the steps of the procedure: 



5.1 Solve the constraint eqs 



First solve the constraint eqs ()4.48|) by using fermionic twistor like variables. Fol- 
lowing the idea outlined in introduction and using preliminary results of section 2; then 
mimicking the usual bosonic twistor analysis, it is not difficult to see that the solution 
of the constraint eqs is given by, 



Ta 



7T 



Ta 



7T_ 



(5.1) 



— ex. 

where, for simplicity, we have set dropped out the hats on the fields; (± = C± an d 

- — OL 

A = X a . In this solution, the A a 's (A°'s) are commuting world line bosons with the usual 
property (X a X a ) = 0; the same A a 's as in section 3. The £±'s (C±of' s ) are anticommuting 
world line fermions capturing the Fermi statistics of and 7r" A (T" a and ?f^). By 
substituting the above solution in the anticommutator, 

T%,^_.}=0, (5.2) 

we get in a first stage {X a (%, A^C_s} = A^A^ C-k} an d so the following identities, 

{C-a, C^} = 0, [X a , X p ] = 0, [X a , (1] = 0, (5.3) 

showing that T" a is built out of the product of boson X a with positive SO (2, 2, i?) 
chirality and a world line fermion with negative SO (2, 2, i?) chirality. The opposite 
combination corresponds exactly to 7r" 6 . 

Moreover, notice that the solution (|5.1|) is not unique since arbitrary changes of the 
SO (2, 2, R) spinors of the form 

X a -> A Q/ = e^A Q , 

Cj -» Cj = e"»Cj, (5-4) 

with if = if (r) is an arbitrary real number; (p G R, leaves eqs (J5.1j) invariant. This 
transformation corresponds to the usual complex projective symmetry of bosonic twistor 
space. Notice also that under the scaling transformations T" Q — > e v T+ Q and 7r" A — > 
e~ Vr K L 6i eqs ()5.1|) . we have moreover, 

X a -> A a , C± - e ±u C|, (5.5) 

and should not be confused with eq (|5.4|) . As this symmetry captures just the Fermi 
statistics of the C±' s 5 we shall forget it and then focus our attention in what follows on 
the real projective invariance ([5.4)1 . This symmetry plays a crucial role in the derivation 
fermionic twistor like model and its quantization. 



5.2 Twistor field action S 



FT 



To build the fermionic twistor like field action Sft dual to eq (|4.34j) and derive the 
underlying gauge constraint eqs, we start by introducing the projective twistor variables 



z a , w , 

for the fermionic twistor like theory. Next we derive the field action Sft 
of the classical model and consider then its quantization. 



(5.6) 

= S FT [z a ,w a ] 



Roughly, twistor variables are twistor phase space coordinates, given in the case 
of a massless particle moving in R( 1,3 \ by 

A a , JI a , A d , (5.7) 

where \i a = and ~p a = j§^k- It happens that these twistor variables split into 

complex homogeneous holomorphic variables 

z a = (A Q , f/ 1 ) e CP 3 , (5.8) 

and their complex antiholomorphic ones z a = (Aq, ~p a ) . In the case of a massless particle 
moving in the R^ 2 ' 2 ) geometry, the analysis is a little bit different for the two following: 
(i) Spinors of SO (2, 2, R) target space group are real; so the corresponding twistor space 
is real and apparently there is no holomorphic and anti-holomorphic like splitting as in 
the complex case. However, we do still have the two sectors given by (T" a , 7r" d ) and 
(T^^nl^j, but stable under complex conjugation. More precisely, we have for the 
(T" Q , 7r° A ) sector the twistor like variables, 

(A 1 , A 2 , £_ 4 , ^2, Cl, C+) G WRP^ +lt+lt+lt _ lt _ lt _ lt _ lV (5.9) 



where (+1, +1, +1, +1, —1, —1, —1, —1) stand for the weight vector of the scaling trans- 

p(3|4) 

(++++ 



formation of the super multiplet (A a , v a , The space WRPf^f},, x stands 



for the weighted real projective supermanifold. For ^T° a , n^^j sector, we have the 
following projective supercoordinates, 

(C, A Aa) . (5.10) 

In first sector bosons \ a and v a are in (|,0) representation of SO (2, 2,R) while in the 
second, Aq and v a are in (0, |). Fermions have the opposite chirality. 
(ii) The real field variables 

(A Q , Aq| C+, C+«), (5.11) 



and their conjugate momenta, 



are related as, 



^ i e) • (5.12) 



SSfT a SSpT 



5 (d T \ a ) ' S (d T \a) ' 

5Spt & 5S FT ( v 

and parameterize the full phase space of the fermionic twistor like model, 

£p/iase = {A", A+q,, V a , l^ a \C+, C+) £-a> £-a} 5 (5-14) 



These variables satisfy the following graded canonical relations, 

{Cl>t-fi}QPB = 5 % ttU-p} GPB = t% (5-15) 

where the graded Poisson bracket {/, g} GPB , of generic functions / = / (A, £_) an d 
g = g (A, v\C+, £_) living on twistor space, is defined as 

_ ( df dg df dg \ | / g/ <9g df d£ 



GPB \d\ a du a du a d\ a ) " \dC + di. a di_ a d( + 



, df dg df dg \ f df dg df dg , _ , 



dA+d^ du«d\ +6l J \^<9£-d ^-a^C- 

For convenience and later use, it is interesting to combine these variables into super- 
coordinates as, 



z 



(A Q | C) , z a = (C+ I v a ) 



/ I (I) , w b = (£ | A») • (5.17) 

With these super variables, the real projective transformations of the twistor superspace, 
A° -> 

combine as as follows, 

z a -» 
w a -> 

Note that the parameters and 9 are a priori independent, unless if the momentum 
vector, 

P^ = A q Aq, (5.20) 
is required to be invariant under (J5.18J) . In this case, we should have the identity, 

cp = 9. (5.21) 

Note also that within the (T" a , nla) sector eq ()5.9|) . the twistor like variables (A a , v a 
splits into blocs as follows, 



e +ip X a , 


c - 






e~ v u a , 


e-« - 


- e- 9 ^ a , 






Ad — 


» e~%, 


(5.18) 




i/ 6 - 


- e + V, 




e +ip z a , 


2° - 


► e + V, 






w a - 


- e^w a . 


(5.19) 



2 



(A a | C) e ^-P ( + 1 2 )+1)+1)+1) , 



w 6 = KlCj 6 RP^l^^y (5.22) 



Moreover using the identities (j5.13|) . the component twistor field action reads, up to 



gauge coupling terms type £ T aVC± to De given later, as follows 



Sft = | y dr [u a d T \ a - \ a (d T u a )} 

.A j dr [v & d T X & -X & {d T u & )] 

-| / dr [CdrC +a + C +i {drC)} (5-23) 

+ | / dr [t_ a d T C + + C + (fi^-J]. 

The number c\, c[, c 2 and c' 2 are determined by requiring this action to coincide with 
the action IjOty . 



5 



FT 



,7T, T,7T 



drTr ( fl^T*. + tP^T*. ) . (5.24) 



This requirement allows also to determine the fermionic analog of the Penrose incidence 
relation (jUTTJ). Setting, 

= TT-dAa,, (5.25) 

and similarly 

e = 

u* = 7ft a C%. (5.26) 

Then putting back into eq ()5.23|) . we get for the integrand (y a d T \ a + Ci£_ A <9 T C+) the 
following, 

7r°L & Cid T X a + n a _.\ a d T C + (5.27) 

provided 

ci = c 2 = 1. (5.28) 

A similar result is valid foe the twild sector. Moreover using the supervariables z a and 
w b , one can rewrite the previous twistor field action as follows, 

Sft [z, w,z, w] = ~ J dr [w b d T z a - (d T w b ) z a ] u ab 
with metric given by 



From these eqs, one reads a set of features; in particular the following: 

(1) the variable w a = Wa&w 6 is the conjugate momentum of z a and so we have amongst 

others, 



6a 

GPB ~ ' 



{z a ,z b } GpB = {w a ,w b } GPB = 0, (5.31) 

where uj ab stands for the inverse of u ba \ that is u) ab u)b c = We also have for generic 
functions f — f (z, w,z, w) and g = g (z, w,z, w), the following 

r f , ..ba fdfdg H ,| b | df dg\ 

U'StGPB ~ " [ dz a dw b I ) dw b dz a) 



M I df dg \\a\.\b\ df dg 



+UJ \dz-d^ b ( r ' dw b dz«)' (5 ' 32) 
where \a\ = grad(a) with, 

J grad(a) = 
^ad(a) = <^ (5.33) 
I graa (±a) = 1 

(2) Eq (|5.29j) is manifestly invariant under global projective transformations ()5.19|) and 
SL (2|2,i?) supergroup of the twistor supermanifold RP^ 2 >. 

5.3 Quantum constraints 

Promoting the projective transformations (j5.18H5.r9~j) to local ones tp = ip (t); 9 = 
9 (r) that is d T ip ^ 0, d T 9 ^ 0, then gauge invariance of the field action ()5.29|) requires 
implementation of real gauge fields, 

V t (t)=V(t), V t (t)=V(t) (5.34) 

with gauge transformations 

v = y + o T p, 

Y = V + d T 9. 



Thus, the action ()5.29|) extends as, 



S 



FT 



z, w, V,z, w, V 



\(jdr [w b D T z a - (D T w b ) z a ] u ab ) 
\(jdr \^ b D T z a - (5 T w 6 ) 5°] ou ab j (5.35) 



+ 2 



+ / dr2hV + / dr2hV 



where the gauge covariant derivatives are given by, 

D T z a = (d T - V)z a , D T w b = 



(8 T + V) w b 



(5.36) 



and 

D T z a = (d T - v) z a , D T w b = (d T + V) w b (5.37) 

The constants h and h are a priori real coupling constants; they take discrete values at 
quantum level. Since V and V are non propagating fields, their elimination by using the 
equations of motion 

5Sft _ n SSft _ n 
and lead to the following constraint eqs, 

uj ab w b z a -2h = 

uj ab w b I a - 2h = (5.38) 



or equivalently by using (j5.17|) . 

M a -( + „e)-2A = o 

{va\"-( +a C)-2h = (5.39) 

Note that by substituting v a and and similarly i/„ and £° by the relations (|5.25|) 
associated with helicity zero particles (h — 0, h — 0), one finds that (^ Q A a — and 
(z/q,A q — C+ a £-) vanish identically. Note also that eq ()5.38|) can be also rewritten as, 

UJab (wV + (-)l a l-l b l z a W b ^j -Ah = 0, 

uJab (w b z a + (-)l a l-l fo l z a w b ) - Ah = (5.40) 



Quantum mechanically, the graded bracket {z a , w 6 } GpB = c</ a of classical twistor model 
gets replaced by a graded commutator, 

[Z a , W b } = Z a W b + (-) |a| - |fc| W b Z a = u ba . (5.41) 

A similar relation is valid for the twild variables. Eq (j5.41|) and its twild analog may be 
solved like, 

Z a = z\ W b = (-)^uj ba — 



dz a ' 



Z a = ~a W 6 = (-) l ° M6| U; 6a -^r. (5.42) 

v ' dz a y ' 

At quantum level, the classical constraint eqs (|5.4U|) are replaced by operators acting on 
states | *&f l h> of the Hilbert space of the fermionic twistor like system. More precisely, 



we have, 



^ (W°Z a + H'"'-' 01 Z a W°j | ^> h ~ h >= Ah | ^ h ~ h >, 
u ab (w b Z a + (-) lam Z a W b ) | ^! h ~ h >= Ah | <S> h ~ h >, 



(5.43) 



or equivalently by using \1> (z, z) =< z,z \ ^ >, 



Aa\.\b\ 



\H\b\ 



w 6a + 2 (_)W-|6| CU^ a ^ 



5 



w «« + 2 /_N|c|.|6| 

dz c 



d 



The first term of this relation 
matrix, 



V^frz) = 4h* a (z,2). (5.44) 
a ''' 6 ' uo a bUJ ba is proportional to the supertrace of 4 x 4 



Sir = iStr ( ^ ° , , 

which vanishes identically. So one is left with the following, 



(5.45) 



xa w +e w ]iSfhrhiz,I} = 2M v^ 

^i + C^ )*„,, (.--.:) = 2/,*,,,, (.:..:) 



dC 



(5.46) 



showing that twistor space wave functions ^ h j t (z, z) are homogeneous superfunctions of 
degree ^2h, 2hj , 

^(e + ^, e +e I) = e + ( 2/l+2 ^(z, i)- (5.47) 
Charge quantization of scaling symmetry requires 2h and 2h to be integer, 



2h e Z, 2h e Z, 



(5.48) 



in agreement with local properties of quantum field theory requiring helicity to take half 
integer values. Moreover, wave function ^ h j i (z,z) = (\ a , ^ a \C+ > £-<*) can De viewed 
as superfields with expansions type (|2.67|) . We have 



(5.49) 



where the component fields are as = <p h j i (A a , u a ) and so on. Using the transformation 
laws (|5.19I5.47|) . one can write down the corresponding ones for the component fields. 



5.4 Comments 



Here we want to make three comments regarding the study developed above: 

(1) The analysis done for the IR 1 - 2,2 ) case with group SO (2, 2) can be naturally extended 
for Minkowski R^ 1 ' 3 ) and Euclidean IR 4 geometries with rotation groups SO (1, 3) and 
SO (4) respectively. For the case of IR^ 1 ' 3 ), spinors are in SL (2, C) and the correspon- 
dence between generic superfield (I5.49j) and 4D M = 1 supersymmetry representations 
is manifest. 

(2) Target space supersymmetry is generated by the following superspace translations, 





^ F , 










8v* 





(5.50) 



where and the target space supersymmetric parameters. These transforma- 

tions are motivated by group covariance and dimensional arguments. Putting these naive 
transformations back into eq (|5.49)) . we can get the supersymmetric transformations of 
the target space field variables. For the leading component fields, we have the following 
transformations, 

~ 2e +a F__+e_Ju & -^cf>-AA, (5.51) 

and so on. Now performing a second supersymmetric transformation on 5(f) with super- 
symmetric parameters e' +a and e'_ & , we have 5'5(p ~ e+^V-a + £_q,5 /, 0+- Then replacing 
^V-a anc ^ by their expressions, we get 



5 5</> ~ 

+ 



(5.52) 



From this relation, one can compute the commutator [5', 5} <p, we find 



+2 (e%e' +a - e£e +a ) F__ + 2 (e_ &e ^ - e^e") F ++ (5.53) 
[( £ _. £ £ +£ ^ £ _.) _ ( £ '_.<+ £ « £ '_.)] A*. 



But this relation may be simplified by using the following identities, 



c a c' — c a 'c 

t + t +Q _ t + t+O? 

£ ■£ l6i = E 1 



= -<e-a, (5-54) 



t -a t + t + t -a 



(W . .1 = _ (V . £ a - £ . £ ' a ) 

Taking into account these features, one ends with the result, 

[5 £/ , 5 £ ] <j> ~ - {£'_„£% - e-tfi) P: 0, (5.55) 

with 

p - = ^ + A «J-- (5 ' 56 > 

This supersymmetric transformation should be hold also by the remaining component 
fields. As such target space supersymmetry can be defined in the twistor like space 
described above as follows, 



ai 



{D_ a ,D«} = 2P: 
[P*D_J = [P*D*] =0. (5.57) 

Using the twistor like variables (\ a , Va, C+> j this superalgera can be realized as, 

d d 
D+ = ^— + C+A 



D-o - (5.58) 



Note that the above realization is not the unique one in twistor like space; we have in 
addition two more "crural" ones. The first one corresponds to, 

m 9 



and the second one is given by the representation, 

d d 



D-a ^ ^ + 2^^, (5.59) 

■ 9 
P« = u a - 



D-a = (5.60) 



g 



Note also that in chiral eqs, the original energy momentum vector = ^ a gfa + ^a-^r^j 
of eqs (|5.58jl has been split into two parts. Each part appears in one of the two chiral 



realizations; i.e ^ a gfa in ()5.59|) and A a ^- in ()5.60|) . 

(3) The twistor like projective transformations f)5.18j) can be restricted by using the 
identity (j5.21j) . In this case, the gauge fields V (r) and V r (r) get identified and so the 
field action reduces to, 

S FT [z, w,z, w, V] = \(Jdr [w b D T z a - (D T w b ) z a ] u ab ) 

dr [w b D T z a - (D T w b ) z a ] u ab j (5.61) 

+ / dr2hV. 



By eliminating V through its equation of motion, we get the following constraint eq, 

u ab w b z a + uj ab w b T -2h = (5.62) 



or equivalently by using (j5.17j) . 

- c+aC) - - c +a c) -2h = o 

This constraint eq can be also rewritten as, 

+ (-) |aM61 z a w b ^j + (w b z a + (-)I°I-' 6 I 



^ab 



wV 



4h = 



(5.63) 



(5.64) 



and at quantum level it gets promoted to, 

'w b z a + (-)l a l-l fe l z a w b ) + w b z a 



Uab 



\a\.\b\ Z ayjb 



\V) = 4h\V). (5.65) 



In differential representation Z = z, W ~ and so on, this constraint reads as, 



Uab 



Aa\.\b\ 



M-\b\ hca 9 , / \\c\.\b\ h C ~a 9 



where we have used the identity ^2 (— )' a ' ' b ' uj a b^ ba = 0. So one is left with the following 



ty(z,z) = 2htif(z,z). (5.66) 



(5.67) 



showing that twistor space wave functions $?(z,z) are homogeneous superfunctions of 
degree 2h, \l/(e +v, z, e +(fi T) = e +2hip ^/(z). Charge quantization requires 2h to be integer. 



6 Conclusion and discussion 



In this paper, we have developed a pure fermionic twistor like model capturing in 
a remarkable way the link between world line (world sheet) supersymmetry and target 
space one. This model describes a field theoretic system based on solving the nilpotency 
property 

T| = e^T% a T% = 0, a, a = 1, 2, (6.1) 

of world line fermions type Y± a = Y± a (r) and can be viewed as the analogue of the 
standard Penrose model for a massless particle moving in AD space time 

R (d,4-d) with 

d= 2,3,4. 

The construction involves three main levels: 

(1) Start with the world line field action Sf = Sf [T] of a fermionic particle parameter- 
ized by the world line fields T± a and T^_ a . The latter fields (T± Q ), which is predicted 
by the solving of the constraint eq ()6.1|) . see also (|6.5|) . have been supplemented in order 
to cover the full spectrum of 4D target space supersymmetry. 

(2) Borrow techniques from Penrose formalism to solve eq (|4.9|) and then use the un- 
derlying free twistor like fields to build the fermionic twistor like model with action 
Sft = <Sft [AjCjA*) £] dual to the previous Sp one. Here A, (, \i and £ stand respectively 
for the twistor like world fields X a (r) , £± (r) , fi a (r) and £ ±A (r) together with their 
canonical conjugate. These fields were shown to be the projective coordinates of a su- 
pertwistor space whose explicit structure depends on the signature of target space time 
geometry M^ d,4_d ). 

(3) Quantize canonically the twistor like free fields and solve the underlying quantum 
gauge constraints to finish at the end of the analysis with superfields describing AD 
M = 1 target space supersymmetric representations. Fermionic twistor like models with 
AD extended supersymmetry are also possible; they require implementation of more 
world fermions. 

Among the basic results of this study we would like to mention the two following: 
(i) Penrose construction dealing with massless particles x m = x m (r) moving in AD space- 
time R( d ' 4 - d ) with energy momentum p m ~ p^ turns out to be apply to more general 
systems. The point is that the usual Penrose incidence relation /i a = ix^X 13 eq (j4.11|) as 
well as the representation, 

P- = A a A«, (6.2) 

solving the condition p 2 = have infinitely many analogues with the desired features. 
For instance, eq ([6.2|) is nothing but the leading term of a large class of world line fields 
belonging to the field family, 

(n (ai , aa) )° = (f.J a (g. 2 )« , s = s 1 + S2 = 0,±l,±2,... . (6.3) 



The n( SljS2 ) fields with S1S2 7^ (2n + 1) capture all the required properties of p^ needed 
for the building of twistor QFT. Like for p?, the quadratic invariant II? S1 s of these 
bispinors is given by 

n? SliS2) = f s 2 1 .gL (6.4) 

and vanishes identically whenever at least one of the world line fields f Sl = f Sl (r) or 
gs 2 = S«2 ( r ) IS a boson. The next leading terms in the above family coming after p?, 
and which is associated with the level si + S2 = 0, corresponds obviously to taking, 



Sl + S2 = ±1- 



(6.5) 



Thus we have the four following, 



(n (± i, ))^ = C± A a 



T 



(n ( o 1± i)); 



T 



±a- 



(6.6) 



Because of the identities X a X a = and A Q A = 0, these world line fields obey the Fermi 
nilpotency property, 

Tr (nj ±1>0) ) = 0, Tr (ll 2 0i±1) ) = 0, (6.7) 

capturing the known antisymmetry property of fermions wave function. In our concern, 
these relations are thought of as the analogue of the condition p 2 = for massless 
particles in target space- time R( d ' 4 " d ), and so we can use Penrose method to deal with 
them. 

(ii) Though the field action of the first level of the construction, (see also 

d 



dr 
- I dr 



1 / (9 ■ a 

2 I a dr +/3 +/3 <9r a ' ^ 



2 V a dr +t3 +l3 dr ~ a ^ 



(6.8) 



involves only world line fermions Y± a and Y± Q (no world line bosons nor its conjugate 
momentum p^ ), its twistor like dual namely, 



S 



FT 



dr 



t dA a - X a d T u a ) - - (u & d T Xa - \ & d T u & ) 



+ / dr 



(6.9) 



involves however bosonic (A a , v a , A Q , u a ) and fermionic (£", twistor like 

fields; thanks to the splitting (|6.6J) . This feature, which shows that eq ()6.8|) is just a part 
of more general picture (see also last paragraph of this discussion); should be viewed as 
a novelty in twistor field theory. The reason is that starting with eq (|6.8|) and solve the 



underlying constraint eqs, one discovers that the quantum spectrum of the dual fermionic 
twistor like model has automatically 4D target space supersymmetry. 

In the end, we would like to note that the fermionic twistor construction de- 
veloped in this paper depends on the signature of 4D target space ]R( d > 4_<i ) since corre- 
sponding spinors exhibit different properties. In the present study we have given explicit 
details for the case of particles moving in target space l^ 2 ' 2 ); the extension to the others 
geometries is straightforward. There, one also has the power of algebraic complex geom- 
etry. Note also that our analysis applies as well to world sheet fields and heterotic (1,0) 
and (0, 1) QFT 2 models along the line described in sections 2 and 3. Note moreover 
that, though enough to recover 4D target space time supersymmetry, our pure fermionic 
model is in fact not completely independent from the standard Penrose bosonic one. 
Both of them may be viewed as just two parts of a world line supersymmetric theory. 
There, the fields T" a can be viewed as the fermionic partners of x m ~ x™, that is in- 
terchanged under world line supersymmetry, 5 susy x" = e T Y± a and so on. This idea has 
been discussed shortly in present paper (sections 2 and 3). It would be interesting to 
deeper this issue for world line fields; but also for strings. Progress in this direction will 
be reported elsewhere. 
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